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A NON-DISSIPATIVE STAGGERED FOURTH-ORDER ACCURATE EXPLICIT FINITE
DIFFERENCE SCHEME FOR THE TIME-DOMAIN MAXWELL’S EQUATIONS*

AMIR YEFET! AND PETER G. PETROPOULOS

Abstract. We consider a divergence-free non-dissipative fourth-order explicit staggered finite difference
scheme for the hyperbolic Maxwell’s equations. Special one-sided difference operators are derived in order to
implement the scheme near metal boundaries and dielectric interfaces. Numerical results show the scheme
is long-time stable, and is fourth-order convergent over complex domains that include dielectric interfaces
and perfectly conducting surfaces. We also examine the scheme’s behavior near metal surfaces that are not
alligned with the grid axes, and compare its accuracy to that obtained by the Yee scheme.

Key words. Maxwell’s equations, staggered schemes, finite differences, FD-TD scheme, explicit fourth-

order schemes.
Subject classification. Applied Mathematics

1. Introduction. Recent engineering advances have resulted in ultra-wideband electromagnetic sources
that find application in pulsed radar devices, ground-penetrating imaging systems, non-destructive evaluation
of concrete structures, electronic on-chip interconnects, and novel communication systems. The need to
simulate such problems requires fast and accurate solvers of the time-domain Maxwell’s equations in complex
open/closed domains filled with heterogeneous dielectrics in which metals may be embedded. A mini-review
of how the Computational Electromagnetics (CEM) state of the art impacts such technologies can be found
in [13]. For about a decade, Yee’s Finite-Difference Time-Domain (FD-TD) algorithm [1] has provided the
best [15] second-order accurate non-dissipative direct solution of the time-domain Maxwell’s equations on a
staggered grid. The numerical error is controlled solely by the mesh size, and the algorithm is particularly
easy to implement in the presence of heterogeneous dielectrics and metal boundaries. As with all finite
difference schemes, the algorithm is inherently dispersive and anisotropic [4] and, for large-scale problems or
for problems requiring long-time integration of Maxwell’s equations, errors from dispersion and anisotropy
are significant unless the spatial discretization is extremelly small [10]. This leads to prohibitive memory
requirements and high computational cost when addressing realistic problems. For some time now, workers
in CEM have realized the promise of high-order finite difference schemes. The question of staggered vs.
collocated high-order schemes has been studied in [5] where it was shown that staggering is more efficient.
At the same time a staggered high-order method can be constructed by altering a code that implements
the staggered second-order accurate FD-TD algorithm. However, the extended spatial stencil of high-order
methods has inhibited their wide acceptance as it does not allow for easy application of boundary conditions
(absorbing, metal) and modeling of dielectric interfaces. The issue of implementing an absorbing layer in
a promising staggered scheme that is fourth-order accurate in space and second-order accurate in time [12]
has been addressed in [14]. It remained though that this particular high-order scheme (desirable duc to its
similarities to the Yee scheme) was only second-order convergent and slightly more accurate than FD-TD
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when used to solve problems with metal boundaries and/or dielectric interfaces. In this paper we revisit the
explicit non-dissipative staggered scheme presented in [12] in order to address the remaining objections to
its use. We demonstrate that it is divergence-free, and propose a series of numerical boundary conditions,
involving one-sided differentiation and extrapolation, to implement metal boundaries and dielectric interfaces.
The treatment of dielectric interfaces herein is different from that in [11] where a simple pointwise specification
of dielectric properties was used; we show in our Numerical Results section that such an approach degrades
the global convergence rate of the scheme to second order. Also, the treatment of metal boundaries herein
is different than that used in [10] where the method of images was applicable due to the infinite extend of
those boundaries in the numerical test performed there. As shown in our Numerical Results section, these
new numerical boundary conditions give almost the same results as the compact-implicit Ty(2,4) scheme
[2], and (more importantly) preserve the fourth-order accuracy of the scheme. Together with the results on
absorbing layers [14], the present paper should open t.he way towards a general acceptance of this scheme,
which is an extension of Yee’s algorithm to fourth-order accuracy. We now briefly outline the remainder of
our paper. Section 2 describes the system of partial differential equations for which we will present the new
boundary treatment for the fourth-order scheme considered herein. In Section 3 we present the details of
the scheme and its numerical stability and accuracy properties; a derivation of the divergence-free property
of the scheme is also given. Extensive numerical tests are given in Section 4; closed and open problems are
considered and the actual convergence rate of a code based on the work herein is determined. In Section 5,
we give a computational cost comparison between our approach and those of [1] and [2]. Section 6 closes
the paper with a short discussion, conclusions drawn from the numerical experiments, and a description of

future work required to turn this scheme into an engineering tool.

2. Preliminaries. The Maxwell equations in an isotropic non-dispersive medium are:

VxE+ 9B =0 (Faraday's Law),
(2.1) ot
-V xH+ ?5? =0 (Ampere’s Law),
B =puH,
D =¢E,
coupled with Gauss’s law
V. B=0
V-D=p.

To simplify the notation we shall consider the two dimensional case, with the only sources for the problem
being incident waves. These waves will be scattered after they encounter an obstacle. Furthermore, in free
space, € and p are constants. The extension of the system of equations to three space dimensions, and the
inclusion of sources and variable coefficients is straightforward. In two dimensions, the system (2.1) now
decoubles into two independent sets of equations. We shall consider the Transverse Magnetic (TM) set of
equations where the electric field is a scalar while the magnetic field is a two-dimensional vector. Letting
T=ct=t//u€and Z = \/‘;_‘ , where € and p are the permittivity and permeability coefficients in free space,
and c is the speed of light, the TM equations are: '
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3. The Scheme. The Yee scheme applied to (2.3) is
AT

n+1 n+1/2 n+1/2
El ;= EI‘IJ+ZS—-6HJU A(SHJ“J
ntl/2 1/2 1 A7
(3.1) ;,i.j—l/’ H:lj 1/2 ZﬂéyEgi,jv]/Q
n41/2  _ pyn—1/2 1 Ar
Hy.i—1/2.j - Hy,i—l/?,j EE;‘SIE?J—J/:’J’
where
Yee:
0:Uij = Uiyiy25 —=Uicry2,j
(3.2) 0,Uij = Uijyrsz — Ui jriya

U is evaluated at the appropriate time and space location. In order to improve the accuracy of this scheme we

replace the difference operators (3.2) by the following fourth-order accurate stencil for the spatlal derivatives,

e.g., g
explicit(2,4):
oU 1 . e . .
(3.3) By . o = m (L"i,j—l - 21[Ji,j + 270 j41 — L“;,j_q_g)
17\]

Hereafter we shall refer to (3.2) as the Yee scheme and to (3.3) as the explicit(2,4) scheme. To complete the
fourth-order scheme at the first and last points of a bounded spatial domain we use fourth- and fifth-order
accurate one sided appropximations to the derivative. We note that this is used only in order to globally
approximate the derivative. No physical boundary conditions are included at this stage. These one-sided

approximations are as follows:

oU
- 22 17 i 9 fl. - /Ti (‘_
Y i1/2 24Ay( Uio + 1+ 92 —=5U;3+U;q4)
ouv 1 i )
a—y‘1 - 24Ay (_23Di’1/2 + 21Uiv3/2 + 301’,5/‘2 - Ui,7/2)
oU 1
—GTI'N . 24A (23Dl1\_1/2—21L1N 3/2—3L1N ')/2+U1]V 7/2)
ou 1
— 2 TL - 17U; - i N— rl g — Ui N
6‘!/;‘,1»'_1/2 24A (22Uin TUin-1 = WiN-2+5Uin-3 — Ui N-1)
We next define
[ —23 21 3 -1 0
1 =27 27 -1 ) 0
1 0o 1 =27 271 -1 0
4 _ 1
(3.4) Au =5, | . ' '
0 1 -27 21 -1
| 0 1 -3 -21 23




[ 22 17 9 -5 1 .0 ]
1 —27 27 -1 . 0
1] 0 1 —27 271 -1 0
3.5 Ap = —
(3-5) E=2al .
0 . o1 —27 21 -1
0 . -1 5 -9 -17 22 |

so the matrix form of the approximations to the derivative at the midpoint between grid points, and at the

grid points is respectively:

Uiz Uo
Ua/ss U
2 3/2 o R 1
Fy ’ T2aAy TR ’
. Un-1
| Un—1/2 Unv |
[ Ujp |
U. U.
2 2 1 R 3/2
ay | PTEV R
. Un-3/2
| Una Un_12 |

With these definitions, the matrix form of the discrete TM equations is:

At At .

[EZij" = [EZi)]" + - An[HY i 2" - Ay HXi/2] “12AL
[HY . ]72+1/2:[HY- . ]n~1/2_ﬁ[EZ‘ an At
<Y j+1/2 Vi J+1/2 Ay ',J] E

, n . e At
[HY 12,072 = [HY g o g]" V2 = EAE[EZU]"-

Note, the staggering in time and space results in a scheme that is second-order accurate in time and fourth-

order accurate in space. -
3.1. Divergence of Computed Fields. We now demonstrate that the explicit(2,4) scheme is divergence-

free for TM waves, that is
2dirvr( H: H ) = Ofi
o UM i) =

We note that 4 may be a function of the spatial variables and introduce the relations:

At

- M[EZL)]HAE

[(RHX); jp1o]" % = [(H X)), o]



r n p d n— Af n
[(ltH) )i+1/2,j] T2 = [(ILH) )i+1/2,j] 12— EAE{EZiJ] .

Multiplying the first equation above by 1/Az and Ag, the second equation by 1/Ay and Ak, and adding
we get
1

1
(EAE[(HHX)LJHN] + A_y[(ﬂHY)i+l/2J]A;3)n+l =

1
Ax

1
(—Ae[(tHX); j11/2] + A—y{(/tHY)i+1/2J]AE)"-

Hence, if the field is numerically divergence-free initially it will remain so ever after. If the p is discontinous
then the derivation of the property differs. In that case we segment the domain into subdomains, and on
the boundaries of the dielectric we use a fourth-order extension of the approach developed for second-order
schemes in [6] and [7]. The details of the fourth-order extension to handle dielectric interfaces is given in

Section 4.

3.2. Time Step. For each of the methods described above one must choose a time step for the numerical
integration. This time step is based on two considerations: stability and accuracy. Since all the schemes
have stability limits, this places an upper bound on the usable time step.

The amplification factor is given by:

1 1
Cleapfrog = 1+ 522 + (1 + 532)‘2 -1

1/2
z = AAt. \is an eigenvalue of the Fourier transform of the spatial approximation. Let D = [(—51;75 + ﬁg] .
Then

1 [27sin(d) — sin(3)]?  [27sin($) — sin(3))?

[Aerplicit] = E( (Az)? (Ay)? ¥

)1/'2 <

W~

Since we wish to obtain higher order accuracy it is also necessary to limit the time-step by accuracy
requirements. We do not want the accuracy of the scheme to be determined by the time integration. Hence,
the temporal error should be equal to or less than the spatial error. For the Yee scheme one should choose
the time step close to the stability limit. For the explicit(2,4) scheme the time step chosen depends on
the accuracy desired. As the mesh is refined the spatial error decreases as of a fourth order scheme and
so decreases faster than the temporal error. Thus, the time step should depend on (Ar)2. If the error
requirements are too severe then this is inefficient and the leapfrog in time should be replaced by a fourth
order Runge-Kutta method. However, for the experiments in this paper we shall use the same leapfrog
method for both schemes.

3.3. Spatial Accuracy. There are several ways of constructing fourth order methods. We can use
either a staggered mesh or locate all the variables at the same mesh point. In addition we can either use a
five point stencil in each direction to approximate the first derivative or else use a three point stencil with

an implicit matrix inversion. Define the following operators:

uj —u;_
° Do’u= z+1[2h i=1/2



e Diu= {uj_g/o~u;43/0)4+2T(0u 4 1/9—uj-142)

21h
. (D2“2jj-1+(D4u)J—] + H(D4u) — U!‘+1£2;u,’-1£2
We define the truncation error as T = Du — g.;’ = th*. By a Taylor series expansion we get
® 71 = m ~ 0046875

® Ty = m.fv 00295
Kreiss and Oliger [3] give a simple analysis, for semi-discrete approximations, to calculate the number
of points per wavelength needed to resolve a wave with speed a and given accuracy €. Let w be the wave
number (u(zr,t) = e**~%). We consider the solution over g periods so that ¢ = %"ﬂﬂ They find that the

number of points per wavelenth, M, needed for accuracy ¢ is given by
1/p
M = 2r(2rr)M/P (9) ,
€

where p is the order of the scheme.
If we choose € = .01, one percent error, then we get
o My ~ 32.15¢/2
o M ~ 8.23¢"/*
o M, ~ 7.33¢"/1
As seen from the formulaq of Kreiss and Oliger the benefits of a fourth order method, compared with a second
order method, improve as one demands higher accuracy (e.g. 0.1 %) and with longer times of integration.
We conclude that either staggering or a compact implicit method gives substantial improvement over the
simplest fourth order accurate method. Combining staggering with an implicit method g;i\"es a little more
improvement (see also [5]). We stress that staggering also helps in the impositidn of the boundary conditions.
In addition using the Yee placement of the variables simplifies the conversion of an existing code to fourth
order accuracy.
If one assumes a uniform grid-spacing, i.e, Az = Ay = h, and defines the number of points per wavelength

to bc N = M, then the numerical wave speed ¢* can be written as:

. _ N[ , mcos(h) , wsin(f) 12
Cyee = ? [Slﬂ ( N ) 3hel (T)
. N .7 cos(f 3mcos(d) ]°
Cexplicit = 2471_( [275111(%) — Sln(__}vﬁ)]
- 7”111(9) . 3rcos(8) ]’ 12
[2 sin(———) = sin(——F—) )

Shown in Fig. 3.1 are the polar diagrams of the numerical phase speed for N = 1,2, 4,8 and 16 for the two
schemes. A comparison of the numerical phase speed for N = 20 is given in Fig. 3.2. The numerical phase
speed in the two schemes experiences a phase lag. The lag decreases as N increases. The lag decreases for
the explicit scheme. In other words, for a given grid-spacing, the error (1 — ¢*) for high frequency modes is
greater than that for low frequency modes. For a fixed N, the error using Yee’s scheme is greater than The
explicit. The two figures also demonstrate the anisotropy inherent in the discretizations.

One observes that the error is the greatest along the axes (8 = 0, 7/2, 7 and 37/2) and the least along the
diagonals (§ = n/4,37/4,57/4 and 7x/4). An important quantity to measure is the isotropy error deﬂnod
as the difference of the maximum and the minimum values of the numerical phase speed. For N=20, as
shown in Fig. 3.2 the isotropy errors are 0.2% for the Yee scheme and 0.0034% in for the explicit scheme.



Expanding ¢* one obtains the error:

N w2 1 1
1- Cyee = ']'\7'2'(5 + 51‘ COS(40))
. RV
1- Cm‘gli(‘it = w(s + 3(06(46))

The above equation shows that the leading dispersive errors in Yee’s scheme is inversely proportional to N?
and in the explicit scheme is inversely proportional to N1. This, of course, is just a reflection that Yee’s
scheme is second order accurate in space while the explicit scheme is fourth order accurate in space. It also

shows that the leading dispersive error is a function of the wave propagation direction € on each grid.
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FiG. 3.2. Comparison of numerical phase speed, 0 < § < 27.

3.4. Numerical Errors of Spatial and Time Discretization. We have discussed spatial and time

errors individually in the previous sections. In this section we will investigate the numerical errors from the



combined discretization. These errors can be determined from the eigenvalues of the amplification matrix.
In Fig. 3.3 the curves labeled ’exact’ are the normalized phase shift using the exact time integration. The
difference between these curves and the value 1 is the spatial phase error, which can have either a phase lag
or a phase lead. The other curves are the normalized phase shift using the staggered leapfrog (with Yee and
the explicit(2,4)) with CFL = §. For the Yee scheme the difference between each curve and the exact curve
is an additional phase error due to time discretization. Leapfrog has a larger error and a phase lead and so
moves the curve away from 1. Except for a very small contribution due to the nonlinear relation between o
and A, the time discretization does not reduce the isotropy error introduced by the spatial discretization.

1.005 T T T T T T

oeest [N P AN 4

oeeF /4 LY

0.9851 / v, v Ny \

ovel—— L i i L
[+

a

F1G. 3.3. Comparison of phase shifts for complete discretization.

4. Computational Results. In this section we compare three different schemes: the standard Yee
scheme, the explicit(2,4) scheme as extended herein, and the Ty(2,4) [2] scheme. All schemes are advanced
in time by the leapfrog method. For all computations we choose Z = 1. For the numerical examples that are
posed in an open domain we use a PML method in the far field. In all cases the error is measured against
the exact E. in the L, norm. All numerical examples herein test the accuracy and stability of the one-sided
differencing and extrapolation operators introduced in Section 2 and in the present Section.

We first consider a test case with the following initial and boundary conditions:

E,

sin(37x) sin(4dwy)

5rAt

H, = (3/5) cos(3nx) sin(dmy) sin( )

SmAt
2

H, = —(4/5) sin{3=x) cos(4dny) sin{

)

The exact solution in this case is:
E. = sin(3nx) sin(4ny) cos(57t)

For the three schemes we choose uniform grid spacing. For the Yee, the explicit(2,4) and the Ty(2,4) schemes
we take: h = Ax = Ay = 1/20,1/40,1/80. For the Yee scheme we set At = 2A/3, while for the explicit(2,4)
and Ty(2,4) schemes we set At = h?. Figures 4.1a-4.1c show the actual logarithmic errors as a function of
time. Figure 4.1d shows the convergence rate of the L, spatial error in the maximum norm over the time
interval [0,10]. The sloper of the line for the Yee scheme conve;geswt”o' 2, and the slope of the lines for both

the explicit(2,4) and Ty(2,4) schemes converge to 4. This can also be seen in Table 4.1.
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schemes.

TABLE 4.1

The mazimal errors in L2 norm for each mesh size

scheme h | At { Max(||lerror||L,) | rate
0<t<10
explicit(2,4) | 55 | 105 0.014
explicit(2,4) | % | 1o 1.43 x 10~ 6.60
explicit(2,4) | % | 7265 4.76 x 10~¢ 4.9152
Ty(2,4) % | 5 0.0224
Ty(2,4) | & | 35 7.07 x 1073 8.306
Ty(2,4) | % | 525 2.12 x 107° 5.0589
Yee = | 3= 0.189
Yee %5 | 7% 0.0475 1.99
Yee % | oo 0.0118 2.003

We next consider the simplest mode of propagation in a rectangular cross section wave guide. We take



the walls to be perfect conductors. We take the following boundary and initial conditions:

E.(z,y,0) = sin(37x) sin(47wy)

Hy(z,y, é—é) = —§Sin(37r;r, - dﬂAt) sin(47y)
2 5 2
At 4 SmAt

H (z,y, —-2—-) =~z cos(3rx — 07r2 ) sin{4my)

E.(0,y,t) = — sin(5nt) sin(47y)
E.(1,y,t) = sin(3n — 57t) sin(4ny)
E.(z,0,t) =0

E.(r,1,)=0

The solution is then:

E.(x,y,t) = sin(3nx — 5nt) sin(4d7y).

For the three schemes we choose uniform grid spacing. For the Yee, the explicit(2,4), and the Ty(2,4) schemes
we again take: h = Ar = Ay = 1/20,1/40,1/80. The CFL numbers are chosen as before. In the figure 4.2d
we draw the error as a function of the mesh size. For this test problem too the slope for the Yee scheme
converges to 2 while that for the explicit(2,4) converges to 4. In table 4.2 we present the errors in L, norm
for the Yee and the explicit(2,4) scheme. Tn both cases the errors are almost linear in time. However as the
mesh is refined the Yee scheme vields second order accuracy while the explicit(2,4) yields between fourth

and fifth order accuracy.
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TABLE 4.2

The mazimal errors in Ly norm.

scheme h | At | Max(llerror||L,) | rate
0<t<10
explicit(2,4) | % | 75 0.014
explicit(2,4) | % | a5 | 19316 x 1071 6.2
explicit(2,4) | % | 320 6.48 x 10~6 4.896
Ty(2,4) > | 155 0.0242
Ty(2,4) % | om | 79304 x107° 8.15
Ty(2,4) = | 55 2.329 x 10~6 5.089
Yee =1 = 0.1889
Yee s & 0.0476 1.9885
Yee = | o 0.0119 2.0032

We next consider the treatment of a domain which contains air and a lossless dielectric with a relative

permittivity of €; as shown in Figure 4.3.

A
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FiG. 4.3. The computational domain

11



Since E. is continuous while its second derivatives are discontinuous we use the following fourth-order

explicit interpolation to implement the discontinuous dielectric properties in the explicit(2,4) scheme. Define

[ 5 15 -5 1 0 . 0]
-1 9 9 -1 . .0
1 0O -1 9 9 -1 . 0
(4.1) A = T ' . ‘ .
0 . .. -1 9 9 -1
| 0 I =5 158 5 |
Then
€1 €172
€2 €372
= A
€p—2
€p—1 €p—1/2
In two dimensions this is replaced by:
1

[eij] = 3 (Aineleirryz,]+ lenjrry2)ding) -

For the Yee scheme we take €;nterface = 51—'*2'—‘1 An exact solution in this case is:

£ - 2 cos(3E X) cos(wt) sin(K,Y) IX]<3 0<Y <1
T exp(%ﬂ)exp(—g—’%@p{ )cos(wt) sin(R,Y) |X|>3 0<Y <1
— ez — € sin(3 X) sin(wt) sin(K, 1) [X|<3 0<Y <1
Hy={ Y29 oo (x98) exp(— 288 X sin(wt) sin(K, 1) X >4 0<Y <1
@exp(lsﬁ)exp(l%@x) sin(wt) sin(K,1") X<-1 o<y<i
oo | — /&1 ¥ 33 cos(2EX) sin(wt) cos(R, 1) IX|<i o<vy<l
T L exp(23) exp(— 28| X|) sin(wt) cos(K,Y) [X]>1 0<V <1

R - _ 2r e1+3¢ I ir . —- — ; T . 5
where I, = 55, /L=52 and w = EN et Here we choose €; = 1 and ¢ = 2,4. We use the same mesh sizes

as before. In Figures 4.4 and 4.5 we draw the errors as a function of the mesh size for various e,.

Rl - Yee 4 -1.8 .- Yee
------ Ty(24) == Ty(24)
oxplicit(2,4) exphicit{2 4}
18 P -2
- -
—~2 LT - ~s26
e ]
-25 Lo - é -3
g F
-3 38
-35 -
. . ; . . . s — . - . .
-2 -1.0 -18 -17 =18 -15 -t4 -13 -12 -2 -19 -18 -17 ~18 -15 -14 -13 -12
199, 109,47
Fic. 4.4. The maxzximal errors in L2 norm as a Fi1a. 4.5. The mazimal errors in Lo norm as a

function of the mesh size with eg = 2. function of the mesh size with e; = 4.
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Although we get only second order accuracy for the explicit(2,4) scheme we still get much better results

TABLE 4.3
The mazimal errors in Lo norm with ex = 2.

scheme h | At | Mazx(llerror||L,) | rate
0<t<10

explicit(2,4) —2% ;ﬂlﬁ 0.0019
explicit(2,4) | & | 55 | 57585 x 107* | 1.715
explicit(2,4) | %5 | 765 | 14909 x107* | 1.94

Ty2,4) | & | 5% 0.00196
Ty(2,4) | 35 | w65 | 57721 x 107" | 1.763
Ty(2,4) | &% | sio5 | 14955 x 1074 | 1.948

Yee =1 % 0.0363
Yee w1l % 0.0089 2.028
Yee % | o5 0.00222 2.003

TABLE 4.4
The mazimal errors in Ly norm with ex = 4.

scheme h | At | Maxz(|lerror]|r,) | rate
0<t<10
explicit(2,4) | = | 5 0.0014
explicit(2,4) | 35 | 555 3.765 x 1074 1.894
ezplicit(2,4) | & | 35 | 9-7748 x 107° 1.945
Ty(2,4) = | 15 0.00139
Ty(2,4) = | 3756 x 1071 1.887
Ty(2,4) % | a5 | 97579 % 107° 1.944
Yee x| 35 0.0095
Yee 5| & 0.00237 2.003
Yee o | 5 | 5.9442x 107" | 1.9953

than the ones we get employing the Yee scheme. However, we are using a fourth-order scheme and the loss
of two orders of convergence in the presence of heterogeneous dielectrics is undesirable.

An innovative approach to handle heterogeneous dielectrics for the Yee scheme is presented in [6]-[7].
We have extended this approach to include heterogeneous piecewise constant dielectric properties in the
explicit(2,4) scheme. As we see below, the fourth-order convergence is recovered globally. We divide the
computational domain into three subdomains. Two contain air and the third one contains the lossless
dielectric. On the interfaces both the electric and magnetic fields are approximated as follows. Suppose the
interfaces are located at i = Iy and it = I, and e = e; for [} < i < I whilee = ¢ fori > I, and ¢ < I}. We

approximate H, at i = I} and i = I, by using the following fifth-order extrapolation:

n+1/2 _ §EHH+1/2 _ 105H71+1/2 189Hn+1/2 _ 451{17-}-1/2 + 35 Hn+l/2

Yiy.j 128 ¥ -1/2 _55_ Y1, -3/2.j a Vi, -5/2.; 32 ¥n-7/2 ES Vi, —9/2.5
n+1/2 _ ﬂsan+]/2 _ *I—O—SHH-H/? @Hn+l/2 _ ﬁHn'{»l/Q 15_ n+1/2
yroi o 128 " Viz+1/25 39 T HIa43/2. 64 Yizt5/24 32 T Via+7/25 128 " ¥iz+9/25
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H{,’,T.’j/ ? can be extarpolated by using the points to the left of I;, or by using the points to the right of

I, because H, is a continuous function. Once H is approximated on the interface we approximate the

x-derivative of H, using Hy, , and Hy,, ; as follows:

1.5

8 i1z 352 35 35 21 5
EH;“,,-/ ~ 105 Yy §H911+1/2 + ﬂH911+3/2.1 _'E Y1 +5/2.5 + '_Enylw/z,j
0 352 35 35 21 3
+1/2
EFH;’?"'/ ~ ”‘105 vz T gHyrz—l/z - ﬁHle—s/z;‘ + EHUlz—slm - EH%—T/%'

Since we discretize the time we want to lose as little information as possible. Therefore, we approximate

8 prnt+1/2 n+1,/2 g prn+1/2
aH a

‘here " v, i ; = ¢ a2 2 ;
vr,.; where E; moves more slowly, i.e. where € = €;. Once 5 Hy, /™ and 5= H,, "/~ are calculated we

n+1
1

can evaluate EZ, ", and EZ;:}I the following way:

At
+1 _ -
EZ?“J' - ZFI g 24Ay (Hf11.j~3/2 - Q‘H-fu'.j—l/z + 27H1n.5+1/2 - H”’1r1+3/2)
ﬁ @HWH/? _ EHH-E—I/? + §H1l+l/2 _ 2_1_Hn+1/‘3 + EH"+1/2
Ar 105 Yiy.5 8 Yr+1/72,5 24 Y1y+3/2.5 40 Yi145/2,5 46 Yry+7/2.5
Since 5%[—1;7,?1]./2 and %H;’,T_lj/z are approximated where e = ¢; weset e =€z at i = I; and i = I,. %HL‘,T;”

is approximated by using points, which are on the right-hand side of I,. This is done because the velocity
of the waves is ,/é which is smaller than the velocity on the left-hand side of ;.

In Figures 4.6a-4.6c we draw the error of the three schemes for various mesh sizes with e; = 2 and in
Fig 4.7a-4.7c we draw the error of the three schemes for various mesh sizes with e; = 4. In Fig 4.6d and
4.7d we draw the errors as a function of the mesh size. The slope of the Yee scheme is 2 and the slope
of the Ty(2,4) scheme and the explicit(2,4) converges to 4 as can also be seen in table 4.5 and table 4.6.

-2, T T
- h=1720
- ==« h=1/40
—  hoim
-35 - - - y\ 14 - - ~
. " s ) “r‘ “,‘ ‘,‘ ".l \\,' ‘\:' “1‘\1 P
" -t 1y % AT ' vy Y] s ovp %
Y t v ¢ . -
s 4
—45
T
(]
F ~. -, . 4 - oy 0y
_E‘_u—_,,\_l s ot \\‘: e _‘: LN J ey Y
! f
o
—en
’7’,\/\/\”\/\/\/\/\[\/V\/\/\/\
e A T S U N
o 1 2 L] 4+ 5 o 7 ] [} 1m0 o 1 2 3 4 3 5 7 L] v 10
TIME TME
FiG. 4.6a. logo(|lerroriiL,} For the Yee scheme. FIG. 4.68B. logq(|lerror||L,) for the explicit(2,4)
scheme.
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-8
E1s
75 EEPE S I i . . -
1 ] . 5 [ 7 ] ° w0
TIME

F1G. 4.6¢. log o(|lerror]|L,) for the Ty(2,4) scheme.

-7,

-18
1og,4h)

F1G. 4.6p. Logio(|lerror||L,) as a function of

Logio(h) For the Yee, the explicit(2,4) and theTy(2,4)

sch

emes.’

TABLE 4.5
The mazimal errors in Ly norm with ¢2 = 2.

scheme h | At | Maz{||error||L,) | rate
0<t<10
explicit(2,4) | 55 | 15 3.1829 x 1074
explicit(2,4) | & | & | 49839x 1076 | 5.996
explicit(2,4) | g5 | 3360 2.6518 x 1077 4.23
Ty(2,4) % | 106 1.978 x 1071
Ty(2,4) % | o6 2.3593 x 107% | 6.389
Ty(2,4) = | w05 | 4-4066 x 1077 | 2.420
Yee 55 | 36 0.0363
Yee =1 & 0.0089 2.028
Yee &= | o 0.00222 2.003
£ 4}!' N - A% s, .

Fic. 4.7A.

logo(llerrori|i,) For the Yee scheme.

Fic. 4.78. log o{l|error]|L,) for the explicit(2,4)
scheme.



The mazimal errors in Lo norm with ¢ = 4.

Fia. 4.7¢. logg{|lerror||y,) for the Ty(2,{) scheme.

TY(Z.‘?
axplicit{2,4) | 4

Fic.

4.7D.

Logyo(llerror||L,) as a function of

Logio(h) For the Yee, the explicit(2,4) and theTy(2,4)
schemes.

TABLE 4.6

scheme h | At | Max(||error||L,) | rate
0<t<10
explicit(2,4) | 35 | 15 | 6-9239x 1077
explicit(2,4) | & | o55 | 3-5486 x 1076 4.286
explicit(2,4) | & | 555 | 2.0112x 1077 | 4.141
Ty(2,4) > | 585 | 27043 x107°
Ty(2,4) 35 | Too5 | 1.4233x 1076 | 4.249
Ty(2,4) & |z | 1.1040x 1077 | 3.688
Yee | 3 0.0095
Yee 5l = 0.00237 2.003
Yee | &5 | 5.9442x 1071 | 1.9953

1

Next, we look at a coated perfect conductor with a dielectric layer. The coating thickness is 5 with a

relative permittivity of €; as shown in Fig 4.8 .

perfect perfect
conductor

conductor

Fic. 4.8. The computational domain
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We take €, = 2 and ¢, = 1. An exact solution in this case can be:

E = sin(a; X)sin(wt)sin(b}) 0< X <4 0<Y <1
"] cos(axX)sin(wt)sin(BY) L<X <3 0<Y <1
0= — 4 cos(a; X) cos(wt)sin(b}) 0< X < o<y«
v 22 cos(az.Y) cos(wt) sin(b}") J<X<E 0y <t
H - L sin{a1.X) cos(wt) cos(Y) 0<X <3 0<Y <1
“ ] Lsin(aaX)cos(wt)eos(pl) <X <E 0<Y <1

where

We choose:

(M

o

a? + b = ew?
ai+b = euw?
sin($) = cos(%)
cos(?) =0

€ = 1

€2 =2

a; = 3w

a; =27

b=nw

w = Vb7

On the interface between the air and the dielectric we use the same technique we used in the previous ex-

ample. In Figures 4.9a-4.9¢ we draw the errors for various mesh sizes. In Figure 4.9d we draw the errors as

a function of the mesh size. For the Yee scheme we get second order accurcy and for the Ty(2,4) and the
explicit(2,4) the accurcy converges to 4, which can also be seen in Table 4.7.

-5
b
~) )
gt
— . ’ (N
8 SRR N R S LY
- YEND IR YL HRY
o ‘" y 4 1, ettt 1
-2 ' Sttt by
ot .\,I_'I|‘|,!'_l‘l|!' P
P W AT U Y @ R
Fesf ; RN H

F1G. 4.9a. logg(|lerror||L,) For the Yee scheme.

-2
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A
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.
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Y S i
AL RO AR i! H
N d i
Ry ViAo PV Yy @8
- AN AT S S I I v v
—agl ot Y N e v ¢ 1 4
k4
-8!
—&.8!
. j
asl . PO S
o 3 H 3 4 5 ] k4 . o i)
T™E

Fic. 4.98. log o(||lerror||,) for the explicit(2,4)
scheme.
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F1G. 4.9¢. log o(|lerror]|.,) for the Ty(2,4) scheme. Fi16. 4.9p0. Logio{llerrori|i,) as a function of
Logio(h) For the Yee, the explicit(2,4) and theTy(2,4)
schemes.

TABLE 4.7

The mazimal errors in Ly norm .

scheme h | At | Max(llerrorflr,) | rate
0<t<10
explicit(2,4) | %5 | w5 0.00398
explicit(2,4) | & | 1o | 24868 x 107% | 4.001
explicit(2,4) | o | 5995 | 1.0889x107° | 4.513
Ty(2,4) % | 155 0.0063
Ty(2,4) % | 1o 1.609 x 10~* 5.308
Ty(2,4) & | 7 | 1.7820x 1076 6.497
Yee 3% | 35 0.1498
Yee s & 0.037 2.004
Yee &1 o 0.0093 2.0026

To our kné;ﬂédé(‘; this is the first fourth-order scheme that presef\'res its convergence rate when discon-
tinuities in the coeflicients are present.

Next we consider a monochromatic isotropic point source of wavelength 0.25, that is switched on at
t = 0 and radiates in free-space. The domain is 0 < z,y < 1. For Yec’s scheme we choose h = 41—0, At= %,
for the exp]icit(27,4)' and theTy(2,4) scheme h= 35, At=h?. The point source is modeled by adding a term
representing a current I.(t) = 0.01sin(8xt)e(t) at (x,y) = (1, ;) where €(t) denotes the Heaviside unit-step

function. For the pulse under consideration, the radiated field is the solution of
(4.2) ' OIE. + 00E. — O7E. = ZOI.()8(r — )

r—rs={(z~ 1.y~ %) The solution consists of rotationally symmetric outgoing waves. The exact solution

is

_Z [2Lit- TP+ E)
E.(rt) = 50 A e d¢

In Fig. 4.10 we plot the errors, in the L, norm, for the various approximate solutions.
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4 ; - v T T u T
-==  Yee
e Ty(2,4)
35k ”~o explicit(2,4) | 7
’ N o e o e .- .- .- R R
S Ve
al
’
25f B
B
1.5
1~ Ry I
osh > E
° L " L ' L
o 1 2 3 4 5 8 7 [

F1G. 4.11. The contours of the Yee scheme and Fic. 4.12. The conlours of the ezplicit(2,4)
the exact solution at t = 8. The Yee scheme is drawn scheme and the ezact solution at t = 8. The ex-
by —— and the ezact solution is drawn by a solid line plicit(2,4) scheme is drawn by —— and the eract so-

lution is drawn by a solid line.

Next we consider a monochromatic isotropic poiflt source of wavelength 0.25, that is switchedonat ¢t =0
in the presence of an infinite perfect conductor( fig 4.13). The domain is —00 < 7,y < -,i;, —x <y < . For
Yee’s scheme we choose h =, At=21 for the explicit(2,4) and theTy(2,4) schemes h = 35, At =Ph?. The
point source is modeled by adding a term representing a current I.(¢) = 0.01sin(8xt)e(t) at (z,y) = (5, 1)

where ¢(t) denotes the Heaviside unit-step function. The equations in this case are:

OE, oH, @

H,
o = 25 = G — 2L )
8H, _ 19E;
at — Z dy
OH, _ 10E,
ot = Z oz
With the boundary conditions:
(43) E;(I/Q,y,t) =0
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PERFECT
CONDUCTOR

-

Fi1G. 4.13. The computational domain.

The exact solution can be constructed by using the exact solution for the previous case and by using the

image method.

In Figures 4.14, 4.15 and 4.16 we draw the errors in L, norm and the contours of the exact and numerical

solutions.

N ---  Yee
\ —— Ty(2.4)
sl N —_ explicit(2,4)

Fi1G. 4.14. The errors in L2 norm between the numerical soluttons and the exact solution of 4.3.
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FI1G. 4.15. The contours of the Yee scheme and TFic. 4.16.  The contours of the explicit(2,4)
the exact solution at t = 5. The Yee scheme is drawn scheme and the eract solution at t = 5. The ez-
by —— and the ezact solution is drawn by a solid line plicit(2,4) scheme is drawn by —— and the exact so-

lution is drawn by a solid line.

Next we consider a monochromatic pointsource in the presence of an inclined perfect conductor Fig 4.17a
. We test these three schemes by using the staircasing method. We meshure the error in L; norm along the
dashed line which can be seen in Fig 4.17b . As can be seen from Fig 4.17c the Ty(2,4) scheme is unstable
whereas the Yee scheme and the explicit(2,4) schemes are stable. In [9] the Ty(2,4) scheme was tested as

well but there the Ty(2,4) scheme was stable.

monochromatic_
point source

PERFECT
¢=m/8 CONDUCTOR o N " " . N

2 208 21 218 22 2325 23 23 24 243 as x
FiG. 4.17A. Computational domain. 7 F1G. 4.17B. Location of the grid points.

- Yoo
== Tyza
——e  Explici{2,4)

FIG. 4.17¢. The llerror}|., as a function of time for the Yee, the explicit(2,4) and theTy(2,4) schemes.
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Next we test these three schemes in [0,1/2] x [0,1/4] x [01/2] domain. An exact solution in this case
can be [8]:

H, =sin(wt)sin(4dzx + By + C=z)
H, = sin{wt) sin{Ax + By + Cz)
H. =sin(wt) sin(Adxr + By + Cz)

C-B
E, = ” cos{wt) cos(Axr + By + Cz)
E, = ; _ cos(wt) cos(Ax + By + Cz)
E. = b-4 cos(wt) cos(Ax + By + Cz)

Where

w2 =AT+ B+ C?

0=4A+B+C
We choose:
A=
B=-2x
=7
w = Vér

In table 4.8, we can see that for the explicit(2,4) and the Ty(2,4) schemes we have used At = h® and for
the Yee scheme we have used At = % The explicit(2,4) as well as the Ty(2,4) schemes behave better than
expected and gives almost fifth order of accuracy.

For all this cases we have measured the error between the approximated electric field in the z direction

and the exact electric field in the z direction in L, norm.

TABLE 4.8
Comparison of the errors in L, norm

scheme h | At | Maz(llerror|.,) | rate
0<t<10
explicit(2,4) | 35 | w5 5.375 x 1074
explicit(2,4) | % | o5 | 2184 x 107° 4.621
explicit(2,4) 8‘—0 -?’;ﬁ 9.071 x 1077 4.590
Ty(2,4) = 3.621 x 10~
Ty(2,4) s | 1144x107° | 4.983
Ty(2,4) o | w5 | 3-5621x 1077 | 5.005
Yee £ = 0.0027
Yee Sl % 7.3x 1071 1.9028
Yee &1 s | 1.8252x 107 | 2.0015
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F1G. 4.18c. logyo(|lerror||r,) for the Ty(2,4) Fic. 4.18p. Logio(llerror||L,) as a function
scheme. of Logio(h) For the Yee, the explicit(2,{) and the

Ty(2,4) schemes.
5. Computational Cost Comparisons. In order to compare the efficiency of the explicit(2,4), the

Ty(2,4) and Yee scheme we examine the following boundary conditions:

E. = sin(3nz) sin(dny)
At

H, = (3/5)cos(3nz) sin(4my) sin(57r )
LY JAY

H, = —(4/5)sin(3wz) cos(dny) sin( )

The exact solution in this case is:

E. = sin{3nx) sin(dmy) cos(57t)

For the Ty(2,4) scheme and the explicit(2,4) scheme we use a uniform gridspacing with Ar = Ay = z. For

the Yee scheme we also use uniform gridspacing with Az = Ay = 545. We chose these mesh sizes in order
to get the same error between the exact E. and the approximated E; in L, norm. The comparison is shown
in table 5.1. The programs were written in fortran and run on a Digital Alpha workstation.

The CPU time needed to achieve the same accuracy in Yee’s case is more than 11 times larger than

required for the Ty(2,4) scheme and 91 times larger than required for the explicit(2,4) scheme.
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TABLE 5.1

CPU-time using various difference schemes.

scheme h | At | Max(||lerror||r,) | CPU — time
0<t<10
explicit(2,4) | 35 ﬁ 1.99 x 1073 0.9 sec
Ty(2,4) % | 3% 1.25 x 1073 5.7 sec
Yee 5 | 365 131 x 107° 91sec

6. Discussion and Conclusion. The results demonstrate that we can use a coarser mesh with the
fourth order scheme and still get the same accuracy as with the Yee scheme. This is true even in the presence
of a dielectric media.

Although this scheme is not as good as the Ty(2,4) scheme[2], it is still easier to modify an existing code
based on the Yee scheme and make it fourth order accurate, by using the explicit(2,4) scheme. This is true

because in the Ty(2,4) scheme one has to inverse a matrix by using a LU decomposition.
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